Equitable specialized block-colourings for 4-cycle systems—I  by Gionfriddo, Lucia et al.
Discrete Mathematics 310 (2010) 3126–3131
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Equitable specialized block-colourings for 4-cycle systems—I
Lucia Gionfriddo, Mario Gionfriddo ∗, Giorgio Ragusa
Dipartimento di Matematica e Informatica, Università di Catania, viale A. Doria, 6,95125 Catania, Italy
a r t i c l e i n f o
Article history:
Received 11 October 2008
Received in revised form 28 May 2009
Accepted 10 June 2009
Available online 18 July 2009
Dedicated to Lucia (02 Oct 1973 to 21 Jul
2008)
Keywords:
Colourings
Graphs
Designs
a b s t r a c t
A block-colouring of a 4-cycle system (V ,B) of order v = 1+8k is a mapping φ : B → C,
whereC is a set of colours. Every vertex of a 4-cycle system of order v = 8k+1 is contained
in r = v−12 = 4k blocks and r is called, using the graph theoretic terminology, the degree
or the repetition number. A partition of degree r into s parts defines a colouring of type s in
which the blocks containing a vertex x are coloured exactlywith s colours. For a vertex x and
for i = 1, 2, . . . , s, letBx,i be the set of all the blocks incident with x and coloured with the
ith colour. A colouring of type s is equitable if, for every vertex x, wehave |Bx,i−Bx,j| ≤ 1, for
all i, j = 1, . . . , s. In this paper we study bicolourings, tricolourings and quadricolourings,
i.e. the equitable colourings of type swith s = 2, s = 3 and s = 4, for 4-cycle systems.
© 2009 Elsevier B.V. All rights reserved.
Lucia Gionfriddo had begun this research in collaboration with Giorgio Ragusa. She had given her contribution and had
obtained some results during the period Oct 2007–March 2008. In July she passed away after a terrible disease. The research
has been completed by the other authors in Sept–Oct 2008.
Lucia, you will be in our hearts forever.
1. Preliminaries
Specialized colourings of Steiner systems, in which the elements of each block must have a prescribed colour pattern,
have received some attention for Steiner systems recently [1–4,6]. We begin to study the same problem for different kinds
of designs: the 4-cycle systems.
LetKv denote the complete simple graph on v vertices. A k-cycle Ck, k ≥ 3, is the graph based on the vertices a1, a2, . . . , ak,
with edges {a1, a2}, {a2, a3}, . . . , {ak, a1}. A Ck will be denoted by any cyclic shift of (a1, a2, . . . , ak) or (ak, ak−1, . . . , a1). A
C4-system of order v, briefly 4CS(v), is a pair Σ = (V ,B), where V is the vertex set and B is a collection of copies of C4,
called blocks, which partitions the edge set of Kv .
It is well-known that a C4-system of order v exists if and only if v = 1+ 8k, k ≥ 1. Every vertex of a 4CS(v) is contained
exactly in r = v−12 = 4k blocks. The integer r is called, using the graph theoretic terminology, the degree or the replication
number.
A colouring of a 4CS(v)Σ = (V ,B) is a mapping φ : B → C, where C is a set of colours. An h-colouring is a colouring
in which exactly h colours must be used. For each i = 1, . . . , h, the subsetBi ofB, containing all the blocks coloured with
colour i, is a colour class. A 4CS(v)Σ is said to be h-uncolourable if there is no h-colouring ofΣ .
For a partition of degree r into s parts, an h-colouring of type s is a colouring of blocks such that, for each element x ∈ V ,
the blocks containing x are coloured with s colours. For a 4CS(v)Σ = (V ,B), we define the colour spectrumΩs(Σ) = {h :
there exists an h-block-colouring of type s ofΣ}, and also defineΩs(v) = ∪Ωs(Σ), where the union is taken over the set of
all 4CS(v)s.
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The lower s-chromatic index χ ′s(Σ) and the upper s-chromatic index χ
′
s(Σ) of Σ are defined as χ
′
s(Σ) = minΩs(Σ),
χ ′s(Σ) = maxΩs(Σ), and similarly, χ ′s(v) = minΩs(v), χ ′s(v) = maxΩs(v). IfΩs(Σ) = ∅ (Ωs(v) = ∅), then we say that
Σ (any 4CS(v)) is uncolourable.
For a vertex x and for every i = 1, 2, . . . , s,Bx,i is the set of all the blocks incident with x and colouredwith the ith colour.
A colouring of type s is equitable if for every vertex x and for i, j = 1, . . . , s, |Bx,i − Bx,j| ≤ 1. A bicolouring, tricolouring or
quadricolouring is an equitable colouring with s = 2, s = 3 and s = 4, respectively.
If x is a vertex of V , thenwewill say that x is of type AiBj . . . Cu if i blocks containing x are coloured by A, j blocks containing
x are coloured by B, . . . and so on until u blocks containing x are coloured by C .
2. Bicolourings
In this section we will consider bicolourings.
Lemma 2.1. Let Σ be a 4CS(v), with v = 1+ 8k. If k is odd, thenΣ is not 3-bicolourable.
Proof. LetΣ = (V ,B) be a 4CS(v) and suppose that φ : B → {1, 2, 3} is a 3-bicolouring ofΣ . Partition V into three sets
X, Y , Z of size x, y, z, respectively, such that:
each element of X is incident with blocks of colour 1 and 2,
each element of Y is incident with blocks of colour 1 and 3,
each element of Z is incident with blocks of colour 2 and 3.
Observe that there is no block incident with elements of all three types. Then the blocks either contain all elements of
the same type or contain elements of two types.
Further, no block contains an odd number of edges having the extremes of different types.
This implies that it is impossible that two among x, y, z are odd numbers. Further, since x + y + z = 8k + 1, it follows
that exactly one among x, y, z is an odd number and exactly two among x+ y, x+ z, y+ z are odd numbers.
Finally, since
B1 = 2k(x+ y)4 =
k(x+ y)
2
,
B2 = k(x+ z)2 ,
B3 = k(z + y)2 ,
it follows that k is an even number, necessarily. 
In [5] the author proved the following:
Theorem 2.2 ([5]). The complete bipartite graph KX,Y can be decomposed into edge disjoint cycles of length 2k if and only
if (1) |X | = x and |Y | = y are even, (2) x ≥ k and y ≥ k, and (3) 2k divides xy.
This permits us to prove the following:
Lemma 2.3. For all even k, there is a 2-bicolourable 4CS(1+ 8k) and a 3-bicolourable 4CS(1+ 8k).
Proof. Let k = 2h. It is not difficult to prove thatΣ = (Z8k+1,B), with starter blocks {(0, i, 4k+ 1, k+ i) | 1 ≤ i ≤ k}, is a
4CS(8k+ 1).
If we assign the colour A to all the blocks obtained for i = 1, 2, . . . , h and to all their translated forms, and assign the
colour B to all the blocks obtained for i = h + 1, h + 2, . . . , 2h and to all their translated forms, we define a 2-bicolouring
ofΣ .
Now, let A = {a1, a2, . . . , a8h}, B = {b1, b2, . . . , b8h}, C = {∞} and let Σ1 = (A ∪ C,B1), Σ2 = (B ∪ C,B2) be two
C4-systems of order 8h+ 1. By Theorem 2.2, there exists a C4-decomposition of the bipartite graph KA,B(KA,B,B3). Observe
thatΣ = (A∪B∪C,B1∪B2∪B3) is a 4CS(1+8k). By colouring with a colour i the blocks ofBi, we obtain a 3-bicolouring,
because each vertex of A (of B) has degree 4h in (KA,B,B3) and degree 4h in (A ∪ C,B1) (in (B ∪ C,B2)). 
Theorem 2.4. For 4-cycle systems we haveΩ2(1+ 8k) = ∅ if k is odd,Ω2(1+ 8k) = {2, 3} if k is even.
Proof. LetΣ = (V ,B) be a 4CS(v) and φ : B → C an h-bicolouring ofΣ . Let c ∈ C and let x ∈ V be an element incident
with blocks of colour c. There are 2k blocks of colour c incident with x. Thus there are at least 1+ 4k elements in V incident
with blocks of colour c. Then h(1+ 4k) ≤ 2v = 2+ 16k. Therefore
h ≤
⌊
16k+ 2
4k+ 1
⌋
= 3
and so χ ′2(v) ≤ 3.
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Now, let h = 2. We have
|Bc | = v · 2k4 =
8k2 + k
2
.
Then, if k is odd,Σ is 2-uncolourable and, by Lemma 2.1, uncolourable. If k is even, by Lemma 2.3 this is sufficient to prove
thatΩ2(1+ 8k) = {2, 3}. 
3. Tricolourings
In this section we will consider tricolourings.
Lemma 3.1. There exist 3-tricolourable 4CS(9)s and 4CS(17)s.
Proof. Let v = 9 (in these systems each vertex has degree 4).
Consider the 4CS(9)Σ = (Z9,B)whereB = B1 ∪B2 ∪B3 and:
• B1 = {(1, 2, 7, 4), (2, 0, 8, 5), (3, 1, 0, 6)},
• B2 = {(4, 5, 1, 8), (5, 6, 2, 3), (6, 4, 0, 7)},
• B3 = {(7, 8, 6, 1), (8, 3, 4, 2), (3, 7, 5, 0)}.
If we assign the colour A to all the blocks belonging toB1, the colour B to all the blocks belonging toB2 and the colour C
to all the blocks belonging to B3, we define a 3-tricolouring in Σ , with the vertices 0, 1, 2 of type A2BC , the vertices 4, 5, 6
of type AB2C and the vertices 7, 8, 3 of type ABC2.
Let v = 17. In the systems of order 17, each vertex has degree 8.
Consider the 4CS(9)Σ1 = (V1,C1), where V1 = {0} ∪ {ai : 1 ≤ i ≤ 8}, isomorphic to the previous systemΣ = (Z9,B),
by the isomorphism ϕ : V1 → Z9 such that
ϕ(0) = 0,
ϕ(ai) = i, for i = 1, 2, . . . , 8.
Consider the 4CS(9)Σ2 = (V2,C2), where V2 = {0} ∪ {bi : 1 ≤ i ≤ 8}, isomorphic to the previous systemΣ = (Z9,B),
by the isomorphism ψ : V2 → Z9 such that
ψ(0) = 0,
ψ(bi) = i, for i = 1, 2, . . . , 8.
Let∆ = (V ,C) be the 4CS(17) such that
V = V1 ∪ V2,
C = C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5,
and:
• C3 = {(a3, b6, a4, b1), (a7, b2, a8, b1), (a3, b4, a4, b3), (a1, b4, a2, b5), (a5, b6, a6, b5), (a5, b8, a6, b7)},
• C4 = {(a5, b2, a6, b1), (a1, b6, a2, b3), (a7, b4, a8, b3), (a3, b2, a4, b5), (a1, b8, a2, b7), (a7, b8, a8, b7)},
• C5 = {(a1, b2, a2, b1), (a5, b4, a6, b3), (a7, b6, a8, b5), (a3, b8, a4, b7)}.
If we colour:
• the blocks of C1 with the same colour as the corresponding isomorphic blocks ofΣ;
• the blocks of C2, assigning the colour C to the blocks ofψ−1(B1), the colour B to the blocks ofψ−1(B2) and the colour A
to the blocks of ψ−1(B3);
• the blocks of C3 with A;
• the blocks of C4 with B;
• the blocks of C5 with C;
then a 3-tricolouring is defined in the system∆, with the property that all the vertices are of type A3B3C2, except the vertices
a3, b1, 0 of type A3B2C3 and the vertices a7, a8, b2 of type A2B3C3. 
Theorem 3.2. For all k ≡ 0 (mod 3), k > 0, there exist 3-tricolourable 4CS(1+ 8k)s.
Proof. Let k = 3h. Consider the 4CS(8k+1)Φ = (Z8k+1,B) defined in Lemma2.3, having starter blocks {(0, i, 4k+1, k+i) |
1 ≤ i ≤ k}. If we assign the colour A to the blocks in which i = 1, 2, . . . , h and to all their translated forms, the colour B
to the blocks in which i = h + 1, h + 2, . . . , 2h and to all their translated forms, the colour C to the blocks in which
i = 2h+ 1, 2h+ 2, . . . , 3h and to all their translated forms, then we obtain a 3-tricolouring of Φ having all the vertices of
type A4hB4hC4h. 
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Theorem 3.3. For all k ≡ 1 (mod 3), there exist 3-tricolourable 4CS(1+ 8k)s.
Proof. For k = 1, the result is proved in Lemma 3.1.
Let k = 3h+ 1, h > 0.
Let V1 = {0} ∪ {xi : 1 ≤ i ≤ 8}, V2 = {0} ∪ {yi : 1 ≤ i ≤ 24h}.
Construct the 4CS(9) (V1,D1), isomorphic to the systemΣ defined in Lemma 3.1, by the isomorphism 0→ 0 and xi → i,
for every i, 1 ≤ i ≤ 8.
Construct a 4CS(24h+ 1) (V2,D2) isomorphic to the systemΦ defined in Theorem 3.2, by the isomorphism 0→ 0 and
yi → i, for every i, 1 ≤ i ≤ 24h.
Let Γ = (V ,D) be the 4CS(24h+ 9)where
V = V1 ∪ V2,
D = D1 ∪D2 ∪D3 ∪D4 ∪D5,
and:
• D3 = {(x1, yi, x2, yi+1), (x3, y16h+i, x4, y16h+i+1), (x5, y8h+i, x6, y8h+i+1), (x7, yi, x8, yi+1) : 1 ≤ i ≤ 8h − 1, i ≡
1 (mod 2)},
• D4 = {(x1, y8h+i, x2, y8h+i+1), (x3, yi, x4, yi+1), (x5, y16h+i, x6, y16h+i+1), (x7, y8h+i, x8, y8h+i+1) : 1 ≤ i ≤ 8h − 1, i ≡
1 (mod 2)},
• D5 = {(x1, y16h+i, x2, y16h+i+1), (x3, y8h+i, x4, y8h+i+1), (x5, yi, x6, yi+1), (x7, y16h+i, x8, y16h+i+1) : 1 ≤ i ≤ 8h − 1, i ≡
1 (mod 2)}.
If we colour:
• the blocks ofD1 as the corresponding isomorphic blocks ofΣ defined in Lemma 3.1;
• the blocks ofD2 as the corresponding isomorphic blocks ofΦ defined in Theorem 3.2;
• the blocks ofD3 with A;
• the blocks ofD4 with B;
• the blocks ofD5 with C;
then we obtain a 3-tricolouring of Γ such that:
• the vertices 0, x1, x2 and yi, for every i, 1 ≤ i ≤ 8h, are of type A4h+2B4h+1C4h+1,
• the vertices x6, x4, x5 and yi, for every i, 8h+ 1 ≤ i ≤ 16h, are of type A4h+1B4h+2C4h+1,
• the vertices x3, x7, x8 and yi, for every i, 16h+ 1 ≤ i ≤ 24h, are of type A4h+1B4h+1C4h+2. 
Theorem 3.4. For all k ≡ 2 (mod 3), there exist 3-tricolourable 4CS(1+ 8k).
Proof. For k = 2, the result is proved in Lemma 3.1.
Let k = 3h+ 2, h > 0. Let V1 = {0} ∪ {αi : 1 ≤ i ≤ 16}, V2 = {0} ∪ {βi : 1 ≤ i ≤ 24h}.
Construct a 4CS(17) (V1,F1) isomorphic to system ∆ defined in Lemma 3.1, by the isomorphism 0 → 0, αi → ai, for
every i, 1 ≤ i ≤ 8, α8+i → bi, for every i, 1 ≤ i ≤ 8.
Construct a 4CS(24h + 1) (V2,F2) isomorphic to system Φ defined in Theorem 3.2, by the isomorphism 0 → 0 and
βi → i, for every i, 1 ≤ i ≤ 24h.
LetΩ = (V ,F ) be the 4CS(24h+ 17)where
V = V1 ∪ V2,
F = F1 ∪ F2 ∪ F3 ∪ F4 ∪ F5,
and:
• F3 = {(α1, βi, α2, βi+1), (α3, β16h+i, α4, β16h+i+1), (α5, β8h+i, α6, β8h+i+1), (α7, βi, α8, βi+1), (α9, β16h+i, α10, β16h+i+1),
(α11, β8h+i, α12, β8h+i+1), (α13, βi, α14, βi+1), (α15, β16h+i, α16, β16h+i+1) : 1 ≤ i ≤ 8h− 1, i ≡ 1 (mod 2)},
• F4 = {(α1, β8h+i, α2, β8h+i+1), (α3, βi, α4, βi+1), (α5, β16h+i, α6, β16h+i+1), (α7, β8h+i, α8, β8h+i+1), (α9, βi, α10, βi+1),
(α11, β16h+i, α12, β16h+i+1), (α13, β8h+i, α14, β8h+i+1), (α15, βi, α16, βi+1) : 1 ≤ i ≤ 8h− 1, i ≡ 1 (mod 2)},
• F5 = {(α1, β16h+i, α2, β16h+i+1), (α3, β8h+i, α4, β8h+i+1), (α5, βi, α6, βi+1), (α7, β16h+i, α8, β16h+i+1), (α9, β8h+i, α10,
β8h+i+1), (α11, βi, α12, βi+1), (α13, β16h+i, α14, β16h+i+1), (α15, β8h+i, α16, β8h+i+1) : 1 ≤ i ≤ 8h− 1, i ≡ 1 (mod 2)}.
If we colour:
• the blocks of F1 as the corresponding isomorphic blocks ofΣ defined in Lemma 3.1;
• the blocks of F2 as the corresponding isomorphic blocks ofΦ defined in Theorem 3.2;
• the blocks of F3 with A;
• the blocks of F4 with B;
• the blocks of F5 with C;
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then we obtain a 3-tricolouring ofΩ such that:
• the vertices 0, α3, α9 and βi, for every i, 16h+ 1 ≤ i ≤ 24h, are of type A4h+3B4h+2C4h+3,• the vertices α7, α8, α10 and βi, for every i, 8h+ 1 ≤ i ≤ 16h, are of type A4h+2B4h+3C4h+3,• all the other vertices are of type A4h+3B4h+3C4h+2. 
Theorem 3.5. For every v ≡ 1 (mod 8), the lower 3-chromatic index χ ′3(v) for 4-cycle systems is 3.
Proof. The result follows from Theorems 3.2–3.4. 
Theorem 3.6. For the upper 3-chromatic index χ ′3(v) of 4CS(v) the following inequalities hold:
• χ ′3(v) ≤ 8, if v ≡ 1 (mod 24);• χ ′3(v) ≤ 9, if v ≡ 9, 17 (mod 24), v 6= 9, 17;• χ ′3(v) ≤ 8, if v = 9;• χ ′3(v) ≤ 10, if v = 17.
Proof. Let Σ = (V ,B) be a 4CS(v) and let φ : B → C be a p-tricolouring of Σ . Let c ∈ C and let x ∈ V be an element
incident with the blocks of colour c.
For v = 24h+ 1, the degree partition is (4h, 4h, 4h) and so there are 4h blocks of colour c incident with x. It follows that
there are at least 1+ 8h elements of V incident with blocks of colour c.
Then: p(1+ 8h) ≤ 3v = 3+ 72h.
Hence: p ≤ ⌊ 72h+38h+1 ⌋ = 8,
and so: χ ′3(v) ≤ 8.
For v = 24h+9, the degree partition is (4h+1, 4h+1, 4h+2) and so there are at least 4h+1 blocks of colour c incident
with x. Thus, there are at least 3+ 8h elements of V incident with blocks of colour c.
Then: p(3+ 8h) ≤ 3v = 27+ 72h.
Hence: p ≤ ⌊ 72h+278h+3 ⌋ = 9,
and so: χ ′3(v) ≤ 9.
If v = 9, since also the size of the block set is 9 and the degree of each vertex is 4, it follows that a 9-tricolouring is
impossible.
So: χ ′3(9) ≤ 8.
For v = 24h + 17, the degree partition is (4h + 2, 4h + 3, 4h + 3) and so there are at least 4h + 2 blocks of colour c
incident with x. Thus, there are at least 5+ 8h elements of V incident with blocks of colour c .
Then: p · (5+ 8h) ≤ 3v = 51+ 72h.
Hence: p ≤ ⌊ 72h+518h+5 ⌋.
Therefore: χ ′3(v) ≤ 9, for v > 17, and χ ′3(v) ≤ 10, for v = 17. 
4. Quadricolourings
In this section, we will consider quadricolourings.
Lemma 4.1. If Σ is a 4-quadricolourable 4CS(1+ 8k), then k ≡ 0 (mod 4).
Proof. LetΣ = (V ,B) be a 4-quadricolourable 4CS(1+ 8k) and let φ : B → {1, 2, 3, 4} be a 4-quadricolouring ofΣ .
LetB1 be the set of all the blocks coloured by 1 and let |B1| = a. For each vertex, there exist 1+8k−18 = k blocks coloured
by 1 and each block contains four vertices.
Then: 4a = k(1+ 8k) and so: k ≡ 0 (mod 4). 
Theorem 4.2. The lower 4-chromatic index χ ′4(v) for 4-cycle systems is 4 if and only if v ≡ 1 (mod 32).
Proof. The necessary condition is in Lemma 4.1. LetΣ = (Z32h+1,B) be the 4CS(32h+ 1)with starter blocks {(0, i, 16h+
1, 4h+ i) | 1 ≤ i ≤ 4h}. If we assign the colour j to the blocks obtained for i = jh+ 1, jh+ 2, . . . , jh+ h and j = 0, 1, 2, 3
and to all their translated forms, we define a 4-quadricolouring ofΣ . 
Theorem 4.3. Any 4CS(9) is 9-quadricolourable. For every k = 6, 7, 8, 9 there exist k-quadricolourable 4CS(9)s. There is no 5-
quadricolourable 4CS(9).
Proof. In any 4CS(9) there exists a 9-quadricolouring, assigning nine different colours to the nine blocks. IfΣ = (Z9,B) is
the 4-cycle system where
B = {B1 = (8, 0, 1, 3), B2 = (7, 2, 5, 4), B3 = (0, 4, 2, 6), B4 = (1, 5, 3, 7),
B5 = (1, 4, 3, 2), B6 = (5, 7, 8, 6), B7 = (0, 5, 8, 2), B8 = (3, 6, 7, 0), B9 = (1, 6, 4, 8)},
then we can verify that there exist inΣ:
• an 8-quadricolouring by φ(B1) = φ(B2) = 1, φ(Bi) = i, for i > 2;• a 7-quadricolouring by φ(B1) = φ(B2) = 1, φ(B3) = φ(B4) = 2, φ(Bi) = i for i > 4;• a 6-quadricolouring by φ(B1) = φ(B2) = 1, φ(B3) = φ(B4) = 2, φ(B5) = φ(B6) = 3, φ(Bi) = i, for i > 6.
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Let Γ = (Z9,B ′) be a 5-quadricolourable 4-cycle system and let A, B, C,D, E be the corresponding colours.
Observe that four colours (suppose A, B, C,D) are associated with two blocks, which involve eight distinct vertices
(leaving out only one vertex). Assume that 1, 2, 3, 4 do not appear in any block coloured with A, B, C and D, respectively,
and the block (1, 2, 3, 4) is coloured with E.
Let X = {1, 2, 3, 4}, Y = {5, 6, 7, 8, 0}.
Denote by Ai, Bi, Ci,Di the blocks coloured with A, B, C,D (respectively) and containing exactly i elements of X , for
i = 1, 2. Assume that {2, 4} is in A2 and {1, 3} in B2 and so 3 ∈ A1, 4 ∈ B1.
Now, denote by P3(Λ) the path P3 generated by the elements of Y contained in the block Λ1, coloured by the colour
Λ. Observe that no element of Y can be the center of two of these paths [without loss of generality, if A1 = (5, 7, 3, 6),
B1 = (5, 0, 4, 8), then {8, 0} is an edge of A2 with repetition of a pair between {4, 8} and {4, 0}; the other cases are
immediate]. Further, for every y ∈ Y , if y ∈ C2, then y 6∈ D2; otherwise, y should be the center of P3(A) and P3(B).
Assume 5, 6,∈ C2 and 7, 8 ∈ D2 and observe that 0 cannot be the center of any P3(Λ). So, {0, 3},{0, 4} are contained
in A1, B1, respectively, and we have: C2 = (5, p, 6, 4), D2 = (7, q, 8, 3), C1 = (7, r, 0, 8), D1 = (5, s, 0, 6), where
{p, q} = {r, s} = {1, 2}.
It follows that p = s, with a contradiction. 
Remark. By Theorems 4.2 and 4.3, it follows thatΩ4(9) = {6, 7, 8, 9}.
Theorem 4.4. For the upper 4-chromatic index χ ′4(8k+ 1) of 4CS(8k+ 1) the following relations hold:
• χ ′4 = 9, if k = 1;• χ ′4 ≤ 13, if k = 2;• χ ′4 ≤ 14, if k = 3, 4, 5;• χ ′4 ≤ 15, if k ≥ 6.
Proof. For k = 1 the proof is in Theorem 4.3. Let Σ = (V ,B) be a 4CS(1 + 8k), k > 1, and let φ : B → C be an
h-quadricolouring ofΣ . Let c ∈ C and let x ∈ V be an element incident with blocks of colour c. There are k blocks of colour c
incidentwith x. Thus, there are at least 1+2k elements in V incidentwith blocks of colour c. Then: h(1+2k) ≤ 4v = 4+32k.
Hence: h ≤ ⌊ 32k+42k+1 ⌋, and so: χ ′4(1+ 8k) ≤ 13, for k = 2, χ ′4(1+ 8k) ≤ 14, for k = 3, 4, 5, χ ′4(1+ 8k) ≤ 15, for k ≥ 6. 
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